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MOTIVATION

➤ Generalised global symmetries are a generic feature of 
theories with topologically conserved charges [1]. 

➤ Generalised symmetries are associated to higher-
dimensional conserved objects like strings or surfaces. 

➤ Magnetohydrodynamics can be reformulated as a theory of 
conserved strings (magnetic field lines). The dual theory is 
a special case of one-form superfluids [2]. 

➤ Superfluid dynamics is equivalent to a fluid with an 
anomalous (d-1)-form symmetry [3]. 

➤ Viscoelastic hydrodynamics can be understood as a theory 
with d copies of (d-1)-form symmetries [4].
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CLASSICAL THEORY OF ELASTICITY

➤ Deformation:  

➤ Free energy: 
 
 
 
 

➤ Stress tensor:
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F = ∫ d3x ( 1
2

Cijkl ∂iδxj ∂kδxl)
Cijkl = B δijδkl + 2G (δi(kδl)j −

1
3

δijδkl)

Tij = − B δij ∂kδxk − 2G (∂(iδxj) −
1
3

δij ∂kδxk)

xi → xi + δxi(x)

[1] Chaikin, Lubensky - “Principles of Condensed Matter Physics”.

Bulk Modulus

Shear Modulus



SIGMA MODEL FOR ELASTICITY

➤ Spatial arrangement of lattice sites:  

➤ Induced metric: 
 

➤ Free energy: 
 

➤ Stress tensor:  
 

➤ Configuration equation:
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F = − ∫ d3x P(hIJ)

ϕI(x)

Tij = P δij − 2
∂P
∂hIJ

∂iϕI∂ jϕJ

hIJ = ημν∂μϕI∂νϕJ

δF
δϕI

= ∂μ (2
∂P
∂hIJ

∂μϕJ) = 0 is a trivial solution.ϕI = δI
i xi



LINEAR ELASTICITY AND LATTICE PRESSURE

➤ Linear deformation:  

➤ Strain tensor: 
 

➤ Pressure: 
 

➤ Linear deformation: 
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ϕI(x) = δI
i (xi − δxi(x))

εIJ =
1
2 (hIJ − δIJ) ∼ δi

Iδ
j
J ∂(iδxj) + …

P(hIJ) = Pf + Pℓ hIJεIJ −
1
2

CIJKLεIJεKL + …

Tij = Pf δij + Pℓ δij − B δij ∂kδxk − 2G (∂(iδxj) −
1
3

δij ∂kδxk)
Lattice Pressure

Thermodynamic Pressure



PLAN

➤ Viscoelasticity as hydrodynamics with spontaneously 
broken translations 

➤ Generalised global symmetries in viscoelasticity 

➤ Holographic models for viscoelasticity 

➤ Outlook
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HYDRODYNAMICS AND VISCOELASTICITY

➤ Dynamical fields: 
 
 
Dynamical equations: 
 

➤ Constitutive relations: 
 
 
Adiabaticity equation/Second law of thermodynamics [1]:
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∂μTμν = 0, KI = 0

uμ (uμuμ = − 1), T, ϕI

Tμν[u, T, ϕ], KI[u, T, ϕ] = 0

∂μNμ − Tμν∂μ
uν

T
− KI

uμ

T
∂μϕI ≥ 0

∂μSμ ≥ 0 [onshell]

Sμ = Nμ −
1
T

Tμνuν
⟺

[1] R. Loganayagam [1106.0277], AJ [1610.05797]

e.g. Josephson equation for  
superfluids, Young-Laplace equation 
for fluid surfaces, or  
Maxwell’s equations for  
magnetohydrodynamics.



ONE DERIVATIVE VISCOELASTIC FLUIDS

➤ Energy-momentum tensor 
 
 
 
 
 

➤ Configuration equation 
 

➤ Second law of thermodynamics
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Tμν = ϵ uμuν + P Pμν − rIJ ∂μϕI∂νϕJ

T∂μSμ = ηIJKL (PIμPJν∂μuν) (PKρPLσ∂ρuσ) + σIJ (uμ∂μϕI) (uν∂νϕJ) ≥ 0

−ηIJKL PIμPJνPKρPLσ∂ρuσ

PIμ = Pμν∂νϕI

Pμν = ημν + uμuν

KI = − σIJ uμ∂μϕJ − ∂μ (rIJ ∂μϕJ) = 0

hIJ = ημν∂μϕI∂νϕJ

dP = sdT +
1
2

rIJdhIJ, ϵ = sT − P ⟹ dϵ = Tds −
1
2

rIJdhIJ

⟹ u0∂tϕI = − δI
i u

i − ui∂iδϕI + …



LINEAR VISCOELASTIC FLUIDS

➤ Expanding coefficients: 
 
 

➤ Energy-momentum tensor [1]: 
 
 
 

➤ 5 new transport coefficients in energy-momentum tensor: 
 

 
Another new transport coefficient in configuration equation.
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P = Pf + Pℓ hIJεIJ −
1
2

B (hIJεIJ)2 − G hI⟨KhL⟩JεIJεKL + …

ηIJKL = 2η hI⟨KhL⟩J + ζ hIJhKL + …, σIJ = σ hIJ + …
εIJ =

1
2 (hIJ − δIJ)

Tμν = ϵf uμuν + Pf Pμν − η σμν − ζ Pμν∂λuλ

+Pℓ Pμν + ϵℓ ελ
λ uμuν − 2G ε⟨μν⟩ − B ελ

λPμν + …

εμν = PI
μPJ

νεIJ

PIμ = Pμν∂νϕI

dPf = sf dT, ϵf = sfT − Pf ⟹ dϵf = Tdsf

[1] Martin, Parodi, Pershan; Jahnig, Schmidt 1972; Fukuma, Sakatani [1104.1416,1204.6288]

ϵℓ = TP′ ℓ − Pℓ

Tμν = … − ηu
1 ελ

λσμν − ηu
2 ε⟨μ

λσν⟩λ − ζu
1 Pμνελ

λ∂λuλ − (ζu
2 + ζ̄u) Pμνεμνσμν − (ζu

2 − ζ̄u) ε⟨μν⟩∂λuλ + …

σμν = 2PμρPνσ∂⟨ρuσ⟩



LINEAR MODES

➤ Longitudinal sound: 
 
 
 

➤ Transverse sound: 
 
 

➤ Diffusive mode:
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ω = ± k
(w + ϵℓ)2

T2s′ w
+

B + 4
3 G − Pℓ

w
−

ik2

2
T2s2

σwv2
∥ (v2

∥ −
w + ϵℓ

T2s′ )
2

+
ζ + 4

3 η

w
+ …

w = Ts + Pℓ

v∥ Γ∥

ω = ± k
G
w

−
ik2

2 ( T2s2G
σw2

+
η
w ) + …

v⊥ Γ⊥

ω = − ik2 s2

σs′ v2
∥

B + 4
3 G − Pℓ

w
+ …

D∥

ϵℓ = TP′ ℓ − Pℓ



GENERALISED GLOBAL SYMMETRIES IN VISCOELASTICITY

➤ Bianchi identity [1] 
 

➤ Conserved higher-form charge (lattice planes) [2] 
 

➤ Higher-form constitutive relations 
 

➤ Dual formulation
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∂μJIμνρ = 0, JIμνρ = ϵλμνρ∂λϕI = ϵλμνρ (PI
λ − uλuσ∂σϕI)

Tμν[uμ, T, PIμ], JIμνρ[uμ, T, PIμ]

PIμ = Pμν∂νϕI

uμ∂μϕI = − (σ−1)IJ∂μ (rJK ∂μϕK) ⟹

∂μTμν = 0, ∂μJIμνρ = 0

uμ (uμuμ = − 1), T, ζIμν (uμζIμν = 0)

[1] Grozdanov, Poovuttikul [1801.03199] 
[2] Gaiotto, Kapustin, Seiberg, Willett [1412.5148]

QI[Σ1] = ∫Σ1

⋆ JI(3)



DUAL IDEAL VISCOELASTICITY

➤ Ideal viscoelastic fluids: 
 
 
 
 
 

➤ Map: 
 
 
 
The map can be similarly extended to higher derivative orders. 

➤ Viscoelasticity is understood as hydrodynamics with 3 partially-broken 3-form symmetries.
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Tμν = ϵ uμuν + p Pμν − qIJ ζμ
I λζνλ

J

dp = sdT +
1
2

qIJdγIJ, ϵ = sT + qIJγIJ − p

∂μϕI =
1
2

qIJϵμνρσuνζJρσ + …, hIJ = qIKqJLγKL + …
γIJ =

1
2

ζIμνζ
μν
J

p = P − rIJhIJ + …, qIJ = − (r−1)IJ

JIμνρ = − 3qIJu[μζνρ]
J

Tμν = ϵ uμuν + P Pμν − rIJ ∂μϕI∂νϕJ

KI = − σIJ uμ∂μϕJ

dP = sdT +
1
2

rIJdhIJ, ϵ = sT − P



CONFORMAL VISCOELASTIC FLUIDS

➤ Conformality: 
 

➤ Linear viscoelasticity: 
 

➤ Modes:
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ϵ − 3P = − rIJhIJ, hIJηIJKL = ηIJKLhKL = 0

ϵf − 3Pf = 3Pℓ, ϵℓ − 3Pℓ = − 3B, ζ = 0

v2
∥ =

1
3

+
4
3

G
w

, Γ∥ =
4
3

T2s2

σw2

4G2

w + 4G
+

4
3

η
w

v2
⊥ =

G
w

, Γ⊥ =
T2s2G
σw2

+
η
w

ϵf = TP′ f − Pf

w = Ts + Pℓ

ϵℓ = TP′ ℓ − Pℓ

D∥ =
s2T2

3σ(w + ϵℓ)
4G − ϵℓ

w + 4G

Tμ
μ = 0 ⟹

Due to lattice pressure, there is  
a crystal diffusion mode even  
when G = 0



VISCOELASTIC HOLOGRAPHY

➤ Bulk theory: Einstein-Hilbert with 3 scalars      [1].  

➤ Neumann boundary conditions for       to describe spontaneous symmetry breaking. 

➤ Bulk action: 
 
 

➤       models: 
 
 
Boundary thermodynamics (N=1):
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S =
1

16πGN ∫ d5x −G (R + 12 − 2V(HIJ)) + counter terms

ΦI

HIJ = Gab∂aΦI∂bΦJ

XN V(HIJ) = XN X =
1
2

δIJHIJ

ds2 = 2dtdr + r2 (−f(r)dt2 + δIJdxIdxJ), ΦI =
m

3/2
xI

ΦI

Pf =
1

16πGN (r4
0 +

2N − 1
6 − 3N

m2N

r2N−4
0 ), Pℓ = −

1
8πGN

N
6 − 3N

m2N

r2N−4
0

, T =
r0

2π (2 +
N − 2
6 − 3N

m2N

r2N
0 )

Pf =
1

16πGN (r4
0 +

1
3

m2r2
0), Pℓ = −

1
8πGN

1
3

m2r2
0 , T =

r0

2π (2 −
1
3

m2

r2
0 )

[1] Horowitz et al. [1204.0519+]; Blake et al. [1310.3832+]; Esposito et al. [1708.09391+]; Alberte et al. [1708.08477+]; Baggioli et al. [1805.06756+];  
      Amoretti et al. [1711.06610+]

http://arxiv.org/abs/arXiv:1711.06610


VISCOELASTIC HOLOGRAPHY

➤ Polynomial models: 
 
 
 
 
 

➤ Temperature-dependent equilibrium lattice configuration: 
 

➤ Need to account for a temperature-dependent reference metric
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V(HIJ) = X + λX3

Pf =
r4
0

16πGN (1 −
2

9 3λ ), T =
r0

π (1 −
2

9 3λ )

Pℓ = −
m2r2

0

8πGN ( 1
3

− λ
m4

r4
0 ), Pℓ = 0 ⟹ m =

r0

(3λ)1/4

ϕI ∝ T xI

εIJ =
1
2 (hIJ − ĥIJ(T))

Lattice collapses as temperature 
is taken to zero.



OUTLOOK

➤ Zero lattice pressure holographic models with temperature-
independent reference metric. 

➤ Holographic models in dual formulation [1]. 

➤ Plastic materials: dynamical reference metric [2]. 

➤ Non-homogeneous crystals: gapped phonons [3]. 

➤ Liquid crystals: relaxed symmetry breaking structure [4]. 

➤ Wigner crystals: charged viscoelasticity [5]. 

➤ Topological defects: disclinations and dislocations in dual 
formulation.
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